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We are tasked with determining the mean and variance of the sum of 3 (a constant) times x, a normally-distributed
random variate with mean 100 and standard deviation 50, and 5 (a constant) times y, a normally-distributed random
variate with mean 60 and standard deviation 20. The correlation between x and y is 0.60.
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Normally-distributed random variate with mean p, and variance o
Normally-distributed random variate with mean p, and variance o
Pearson correlation coefficient between x and y
Normally-distributed random variate with mean zero and variance one - Used in the equation of x
Normally-distributed random variate with mean zero and variance one - Used in the equation of y
Normally-distributed random variate with mean zero and variance one - Used in both equations of x and y
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The Equations for Ax and By

We can write the equations for x and y as follows...

T = g + 00,2+ ¢por2, (1)

Y = pby +00yz 4 ¢poyz, (2)

The two equations above reflect the fact that x and y are correlated.

The first moment of the distribution of Az + By (see Appendix B) is...

E {Am + By} = Apy + By (3)

The second moment of the distribution of Az + By (see Appendix C) is...

E [(Ax + By)ﬂ = A%p2 + Bl + 2ABpugpy + 2AB0% 0,0, + A%0°07 + A*¢*0 + B*0°0, + B*¢*0,  (4)

The mean of the distribution of Ax + By is...

meanAz+py = E {Am + By]

= Ap, + By (5)



The variance of the distribution of Az + By is...

varapspy = E [(Ax + By)ﬂ - [IE [Ax + By} } 2

= A%p2 + B*pl 4 2ABpgpuy + 2AB0? 0,0, + A%0°07 + A*¢*0l + B*0°0, + B*¢°0, — (Apa + Bpuy)?

= 2AB0%0,0, + A%0%02 + A%¢%02 + 329205 + quan;
= A%c2(p+1—p)+ B*0(p+1—p) +24Bpo,0,
= A%02 + 3205 +2ABpogoy,

Problem Solution

The mean of Az + By per equation (5) above is...

mean = (3)(100) + (5)(60)
= 600

The variance of Az + By per equation (6) above is...

variance = (32)(502) 4 (52)(202) 4 (2)(3)(5)(0.60)(50)(20)
= 50, 500

Appendix

A. Rules on expectations of random variables with mean zero and variance one:

Elz'|=0 ; E|z}|=0 ; E|z!| =0

;o El22] =1 Ezz =1
E|lz}| =0 ; E[22|=0 ; E|z2|=0

E|lz*| =3 ; Elz*| =3 ; E|z} =3

B. The expected value of Az + By is...
E [Ax + By] =E [A(,um + 00,2 + ¢oy25) + Bpy + 0oyz + (bayzy)}

=E [A,um + Aboyz + Aoy zy + By + Bloyz + B(bayzy}
= Ay + By

One equation with six variables yields 6! = 6 permutations as follows...

Perm Eq  Value Result
01 al Apy = Al
02 a2 Ao,z = 0
03 a3  Adogz, = 0
04 ad By = By,
05 ab  Bloy,z = 0
06 a6 Bo¢oyzy, = 0

(6)



C. The expected value of Az + By quantity squared is...
E [(Ax + By)ﬂ =E {(A/,Lm + Abo,z + Apo, 2z, + B, + Bboyz + Booyz,)?
= A} + B*u; + 2ABpigpy + 2AB0 0,0, + A’0°07 + A*¢°0 + B*0%0) + B*¢’o,

Two equations each six three variables yields 62 = 36 permutations as follows...

Perm Eql Eq2 Valuel Value 2 Result
01 al bl Apg Apg = A%y2
02 al b2 Apg Ao,z = 0
03 al b3 Aty Aporz, = 0
04 al b4 Apy By, = ABpazpy
05 al b5 Apy Bloyz = 0
06 al b6 Apg Booyz, = 0
07 a2 bl Abo,z Apg = 0
08 a2 b2 Abo,z Aboyz = A20%02
09 a2 b3 Abo,z  Apopz, = 0
10 a2 b4 Aboyz By, = 0
11 a2 b5 Abo .z Bboyz = AB92UIO'y
12 a2 b6 Aboyz  Bgoyzy, = 0
13 a3 bl Apo,z, Aty = 0
14 a3 b2  A¢oyz, Aboyz = 0
15 a3 b3 Apoyzy APopzy = A2¢%02
16 a3 b4 Apo 2y By = 0
17 ad b5 A¢poyz, Bloyz = 0
18 a3 b6  A¢oyz, DBooyz, = 0
19 ad bl By, Aty = ABpgpy
20 ad b2 By, Abo,z = 0
21 a4 b3 By, Apoyz, = 0
22 ad b4 By By = B2 ,ui
23 ad b5 By Blo,z = 0
24 ad b6 B, Booyz, = 0
25 ad bl Booyz Apy = 0
26 ab b2 Bloyz Abo,z = ABG2azay
27 ab b3 Bboy,z  A¢oyz, = 0
28 ab b4 Bboyz B, = 0
29 ab b5 BOo,z  Bloyz = B*0%0?
30 ab b6 BOoyz B¢oyz, = 0
31 ab bl  B¢oyz, Apy = 0
32 ab b2  B¢oyz, Aboyz = 0
33 ab b3  Booyzy Apoyzy = 0
34 ab bd  B¢oyz, By = 0
35 ab b5  B¢oyz, Bloyz = 0
36 ab b6  B¢oyzy, Booyz, = B2¢20§



